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Abstract 

In [15] the authors have introduced a new technique to produce symplectic manifolds. It 
consists on taking a symplectic non-free action of a finite group on a symplectic manifold and 
resolving symplectically the singularities of the quotient. This has allowed to produce the 
first example of a non-formal simply connected compact symplectic manifold of dimension 
8. Here we present another description of such a manifold and we expand on some of the 
details concerning its properties. 

1 Introduction 



In [15] , the authors have produced the first example of a simply connected compact symplectic 
manifold of dimension 8 which is non-formal. 

In general, simply connected compact manifolds of dimension less than or equal to 6 are 
formal [29} [T3] , and there are simply connected compact manifolds of dimension greater than 
or equal to 7 which are non- formal |3H \V2\ [TOl [61 Q3]. This is a problem that can be tackled by 
using minimal models [9] and suitable constructions of differentiable manifolds. 

However, if we consider symplectic manifolds, the story is not so straightforward, basically 
due to the fact that there are not so many constructions of symplectic manifolds. In [U [2] 
Babenko and Taimanov give examples of non-formal simply connected compact symplectic man- 
ifolds of any dimension bigger than or equal to 10, by using the symplectic blow-up |26| . They 
raise the question of the existence of non-formal simply connected compact symplectic mani- 
folds of dimension 8. Examples of these cannot be constructed by means of symplectic blow-ups. 
Other methods of construction of symplectic manifolds, like the connected sum along codimen- 
sion two submanifolds [17] , or symplectic fibrations [27J [33j E5] have not produced such examples 
so far. 

The solution to this question presented in [15] uses a new and simple method of construction 
of symplectic manifolds. This method consists on taking quotients of symplectic manifolds by 
finite groups and resolving symplectically the singularities. Starting with a suitable compact 
non-formal nilmanifold of dimension 8, on which the finite group Z3 acts with simply connected 
quotient, one gets a simply connected compact symplectic non-formal 8-manifold. 

In this note, we expand on some of the issues touched in [15]. First we present an alternative 
description of the manifold constructed in [15], by using real Lie groups instead of complex 
Lie groups (see Section [3]). Actually this is the way in which we first obtained the example; 
introducing complex Lie groups was an ulterior simplification. The reason for our choice of 
symplectic 8-dimensional nilmanifold M becomes transparent with the description that we give 
in Section 0) it is the simplest case in which the group Z3 acts not having any invariant part in 
the cohomology of degree 1. In this way we have a chance to get a simply connected symplectic 
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orbifold M = M/Z3, as we prove later it is the case with our particular choice of M and Z3- 
action. To get a smooth 8-dimensional symplectic manifold, we have to resolve symplectically 
the singularities. For this, in Section [61 we take suitable Kahler models around each singular 
point. It is clear that this method can be used in much greater generality. 

The last issue concerns with the non-formality of the constructed manifold. Our example 
of symplectic 8-manifold has vanishing odd Betti numbers, therefore its triple Massey products 
are zero. Thus the natural way to prove non-formality is to produce the minimal model of M, 
but this can be a lengthy task for large Betti numbers. 

In |13j the concept of formality is extended to a weaker notion named as s-formality. We shall 
not review this notion here, but we want to mention that it has always been a guidance for us 
when trying to write down an obstruction to detect non-formality. Actually, when we spelt out 
the condition for 3-formality, we realised that there is an easily described new type of obstruction 
to formality constructed with differential forms, in spirit similar to Massey products, and which 
we christen here as G-Massey product (see Definition 12.21 in Section [2]). Then, in Section EJ the 
non-formality of M is easily checked via a non-trivial G-Massey product. There, we also see 
that a suitable quadruple Massey product of M is non-trivial, although the proof is definitely 
more obscure. So we have decided to include both proofs of the non-formality of M. It would 
be interesting to find a space with non-trivial G-Massey products but with all multiple Massey 
products trivial. 

Acknowledgments. We would like to thank Luis C. de Andres, Dominic Joyce, Gil Caval- 
canti, Ignasi Mundet, John Oprea and Daniel Tanre for conversations. This work has been 
partially supported through grants MCyT (Spain) MTM2004-07090-C03-01, MTM2005-08757- 
C04-02 and Project UPV 00127.310-E-15909/2004. 

2 Formality and G-Massey products 

Before we start with the construction of symplectic manifolds, we shall briefly review the notion 
of formality [131 [9], and we shall introduce the G-Massey products as an obstruction to this 
property. Let (A, d) be a differential graded commutative algebra over the field R of real numbers. 
Then (A, d) is said to be minimal if: 

1. A is free as an algebra, that is, A is the free algebra f\V over a graded vector space 
V = ®V\ and 

2. there exists a collection of generators {a T ,r 6 /}, for some well ordered index set /, such 
that deg(a^) < deg(a T ) if p < r and each da T is expressed in terms of preceding a M (/i < r). 
This implies that da T does not have a linear part, i.e., it lives in f\ V >0 • f\ V >0 C f\ V . 

Given a differential algebra (A,d), we denote by H*{A) its cohomology. (A,d) is connected 
if H°(A) = R. We shall say that (Ai,d) is a minimal model of the differential algebra (A,d) if 
(M, d) is minimal and there exists a morphism of differential graded algebras p: (At, d) — > (A, d) 
inducing an isomorphism p*:H*(A4) — * H*(A) on cohomology. In [20J Halperin proved that 
any connected differential algebra (A, d) has a minimal model unique up to isomorphism. 

A minimal model of a connected differentiable manifold X is a minimal model (/\ V, d) for 
the de Rham complex (QX, d) of differential forms on X. If X is a simply connected manifold, 
then the dual of the real homotopy vector space 7Tj(X) <g> R is isomorphic to V 1 for any i. This 
relation also happens when i > 1 and X is nilpotent, that is, the fundamental group tv\{X) is 
nilpotent and its action on iTj(X) is nilpotent for j > 1 (see [9]). 
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A minimal model (M, d) is said to be formal if there is a morphism of differential algebras 
tp: (A4,d) — > (H*(A4),d = 0) that induces the identity on cohomology. We shall say that X 
is formal if its minimal model is formal or, equivalently, the differential algebras (fLY, d) and 
(H*(X),d = 0) have the same minimal model. Therefore, if X is formal and simply connected, 
then the real homotopy groups 7Tj(X)®IR are obtained from the minimal model of (H*(X),d = 0). 

Many examples of formal manifolds are known: spheres, projective spaces, compact Lie 
groups, homogeneous spaces, flag manifolds, and compact Kahler manifolds. The importance 
of formality in symplectic geometry stems from the fact that it allows to distinguish between 
symplectic manifolds which admit Kahler structures and some which do not |34j . 

In order to detect non-formality, instead of computing the minimal model, which usually 
is a lengthy process, we can use Massey products, which are obstructions to formality. Let us 
recall its definition. The simplest type of Massey product is the triple (also known as ordinary) 
Massey product. Let X be a (not necessarily simply connected) manifold and let Oj E H Pi (X), 
1 < i < 3, be three cohomology classes such that a\ U a 2 = and «2 U 03 = 0. The (triple) 
Massey product of the classes ai is defined as the set 

(a 1 ,a 2 ,a 3 ) = {[ati Ar7+(-l) Pl+1 £Aa 3 ] | a { = [a*], ai Aa 2 = d£, a 2 Aa 3 = di]} C flW+^+Ps-ipQ _ 

(The same set is obtained if we fix the forms ai such that a, = [cti] and we only let 77 and £ vary.) 
It is easily seen that (01,02,03) is a set of the form b+ (ai U H p ^ Ps ~ 1 {X) + H Pl+P2 ~ l (X) Ua 3 ), 
so it gives a well-defined element in 

JJP1+P2+P3-T- fx) 



01 U iT»+P3-l(X) + #Pi+P2-l(X) U a 3 ' 

We say that {ai,a 2 ,a 3 ) is trivial if £ (ai,a 2 ,a 3 ). 

The definition of higher Massey products is as follows (see [221 [Ml E2] ) . The Massey product 
(ax, 02, . . . , a t ), ai S H Pi (X), 1 < i < t, t > 3, is defined if there are differential forms a^j on X, 
with 1 < % < j < t, except for the case = (l,t), such that 

i-l 

(1) ai = [a it i], dajj = } y a i;k A ah+1,3, 

k=i 

where a = (— l) dcg ( Q ^a. Then the Massey product is 



(01,02, ••• ,<h) 



t-i 



y~] a i,k a «fc+i,t 



,fc=i 



otij as in Q \ C H Pl+ - +pt -^- 2 \X) 



We say that the Massey product is trivial if G (ai, 02, . . . , at). Note that for (ai, 02, . . . , at) to 
be defined it is necessary that (ai, . . . , at-i) and (a 2 , ■ ■ ■ ,<h) are defined and trivial. 

The existence of a non-trivial Massey product is an obstruction to formality. Concretely, we 
have the following result, for whose proof we refer to [91 132j. 

Lemma 2.1 If X has a non-trivial Massey product then X is non-formal. □ 

Next, we introduce another obstruction to formality, which we call G-Massey product, since 
it is a generalization, in spirit, of the Massey products. This product has the advantage of being 
simpler for computations than the multiple Massey products. 
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Definition 2.2 Let X be a manifold of any dimension. Let a,xi,X2,x 3 G H 2 (X) be degree 
2 cohomology classes satisfying that a U X{ = 0, i = 1, 2, 3. We define the G-Massey product 
(a; Xi, X2, X3) as the subset 

(a;x 1 ,x 2 ,x 3 ) = {[£iA£ 2 Aft+£ 2 A£3Aft+£ 3 A£iAft] ^ = = ^ aAj3 . = ^ h i = 1,2,3} 

C H 8 {X) . 

We say that the G-Massey product is trivial i/0 G (a; xi, X2, X3). 

We must notice that 
(2) [£1 A £ 2 A ft + £ 2 A £3 A ft + £3 A £ x A ft] G # 8 (X) 

is a well defined cohomology class, for forms a, Pi £ 2 (X) and £j € £l 3 (X), with a = [a], 
x% = [ft] an d a A Pi = d£j, i = 1,2, 3. In fact, we have 

d(£i A 6 A ft + 6 A £3 A A + £3 A 6 A ft) = a A ft A £ 2 A & - £1 A a A ft A ft+ 
+a A ft A £3 A ft — £2 A a A ft A ft + a A ft A £1 A ft — £3 A a A ft A ft = . 

Lemma 2.3 Lei a, xi, £2, x 3 £ H 2 (X) be degree 2 cohomology classes satisfying that aUxi = 0, 
i = 1,2, 3. T/ien 

61,62 G (a;xi,x 2 ,x 3 ) 61 - 6 2 G TV, 
w/iere TV = (xi, a, x 2 ) U # 3 (X) + (x x , a, x 3 ) U H 3 (X) + (x 2 , a, x 3 ) U H 3 (X) C F 8 (X). 

Proof Choose forms a, ft G 2 (X) and £j G 3 (X), with a = [a], x, = [ft] and a A ft = d£j, 
i = 1,2,3. First of all, note that the conditions a U Xi = 0, i = 1, 2, 3, ensure that the triple 
Massey products (xi,a,x 2 ), (xi,a, x 3 ), (x 2 , 0,3:3) are well defined. 

Now suppose that we write a = [a + df], / G Then (a + d/) A ft = d(£j + / A ft) and 

(6 + /A/3i)A(e2 + /A/3 2 )A/33 + (6 + /A/32)A(e3 + /A/?3)A/? 1 + (e3 + /A/33)A(6 + /A/?i)A/3 2 = 

= £l A 6 A /% + 6 A & A ft + & A ^1 A ft, 

so the cohomology class ([2]) does not change by changing the representative of a. If we change the 
representatives of Xi, say for instance x\ = [ft + d/], f G fi^X), then aA(ft + d/) = d(£i + aA/) 
and 

(£1 + a A /) A £ 2 A A + 6 A £3 A (ft + d/) + 6 A (£1 + a A /) A ft = 

= 6 A £2 A ft + 6 A £3 A ft + & A a A ft + d( f A £ 2 A £3), 

thus the cohomology class ([2]) does not change again. Finally, if we change the form £1 to £1 +g, 
g G £l 3 (X) closed, then 

(6 + 9) A 6 A ft + £2 A £3 A ft + £3 A (6 + 5) A ft 

= £1 A £ 2 A ft + £ 2 A £3 A ft + £3 A £1 A ft + # A (£ 2 A ft — £3 A ft), 

and £2 A ft — £3 A ft is a representative of (X2, a, X3). □ 

The indeterminacy of a subset S of a vector space V is the subspace of W C V generated 
by the differences si — s 2 G S 1 for all si,s 2 G S 1 . In this situation, S defines an element in 
V/W. Lemma [2T3l says that the indeterminacy of (a; xi, x 2 , X3) is contained in W = (xi, a, x 2 ) U 
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H 3 (X) + (xi,a,xs) UH 3 (X) + (x2,a, x 3 ) UH 3 (X), hence the G-Massey product (a;xi,x 2 ,x 3 ) 
gives a well-defined element in 

H 8 (X) 

(xi, a, x 2 ) U H 3 (X) + (xi,a, x 3 ) U # 3 (X) + (x 2j a, x 3 ) U if 3 (X) ' 
The relevance of the G-Massey product for formality is given in the following result. 

Proposition 2.4 Let a, x±, x 2 , x 3 E H 2 (X) be cohomology classes satisfying that a U xi = 0, 
i = 1,2, 3. Suppose that {a; x\, x 2 , x 3 ) is a non-trivial G-Massey product. Then X is not formal. 

Proof Let V : (A^^O ~~ > (^*0^O> £ De the minimal model for X. Then there are closed 
elements d, £j G (A^) 2 whose images are 2-forms a, Pi representing a, X{. Since [a ■ xi\ = 0, 
there are elements £j S (A ^) 3 such that e?£j = a ■ x%. Let £j = G ^ 3 (X). 

If X is formal, then there exists a quasi-isomorphism ^' : (A V", <Z) — > (H* (X),0). Note that 
by adding a closed element to we can suppose that = 0. Then 

[6 A 6 A /3 3 + 6 A & A Pi + £3 A ^1 A Pi) = tp'{£i A | 2 A x 3 + | 2 A | 3 A x x + £3 A £1 A x 2 ) = 

belongs to (a; xi, x 2 , x 3 ). □ 

Actually, the G-Massey product is the first obstruction to formality that appears as an 
obstruction to 3-formality [13] for a simply connected manifold, and which is different from a 
Massey product. 

The G-Massey product can be related, in some situations, with the multiple Massey products. 
However, it cannot be written in terms of the higher Massey products |22j (or even the matric 
Massey products [25\ [3]) because the indeterminacy of Massey products is usually much bigger. 
(A similar phenomenon happens to the product (a) k discussed in |22} Section 3].) 

Lemma 2.5 Let X be a manifold of any dimension. Let a,x\,x 2 ,x 3 6 H 2 (X) be cohomology 
classes satisfying that a U x^ = 0, i = 1, 2, 3, and a U a = 0. Suppose that H 5 (X) = 0. Then 

(3) (a;x 1 ,x 2 ,x 3 )f > \ [x 3 {xi, a, a, x 2 ) + x 2 (x 3 ,a,a,x 1 ) + x 1 {x 2 , a, a, x 3 )^j j*= 0. 

Proof Write a = [a], Xi = [Pi], a A Pi = d£i, i = 1,2,3 and a A a = d\- The triple Massey 
products (xi,a,a) and (a,a,Xi) are defined and zero, since H 5 (X) = 0. Then we can write 
£i A a — Pi A x = diji. By definition, 

m A P2 ~ m A Pi + £1 A G (xi,a,a,x 2 ), 
and analogously for the others. Thus the element 

6 A 6 A & + 6 A & A Pi + & A Ci A /3 2 = 

= fo A (771 A /? 2 - V2 A A + £1 A &) +ftA (% A Pi - 771 A fa + £3 A 6) + 
+#L A (772 A & - 773 A & + 6 A £3) 
is in the intersection ([3]). □ 

Remark 2.6 Afoie i/iai 

S 1 = x 3 (xi, a, a, x 2 ) + x 2 (x 3 , a, a, xi) + xi(x 2 , a, a, x 3 ) C H 8 (X) 

is only defined it a U a = 0. Therefore the G-Massey product can be understood as a refinement 
of the subset S. Moreover, the indetermination of S is different (and usually bigger) than that 
of the G-Massey product (a; xi,x 2 ,x 3 ) . 
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The concept of formality is also defined for nilpotent CW-complexes, and all the discussion 
above can be extended to them by using piecewise polynomial differential forms instead of 
differential forms. Also in this case G-Massey products can be defined. We shall not need this 
in full generality, but we shall use the case when X is an orbifold. 

An orbifold is a topological space X with an atlas with charts modelled on U/H p , where 
U is an open set of M n and lip is a finite group acting linearly on U with only one fixed point 
p G U. For an orbifold X, we define Q k (X) as the space of orbifold differential forms, i.e., forms 
such that in each chart are lip-invariant elements of Q k (U). The orbifold minimal model of X 
is defined as the minimal model (f\ V, d) of d). 

Lemma 2.7 Suppose that X is a smooth manifold with minimal model (/\V,d). Let U be a 
finite group acting on X with only isolated points with non-trivial isotropy, and consider the 
orbifold X = X/H. Let (f\W,d) be the minimal model of the differential algebra ((/\V) n ,d). 
Then 

• (/\ W, d) is the orbifold minimal model of X. 

• Consider X as a topological space (actually it is naturally a CW-complex). If X is nilpo- 
tent, then (/\ W, d) is its minimal model. 

Proof In this situation, tt k (X) = n k (X) n . The action of II on (Q(X), d) lifts to an action on the 
minimal model (/\ V, d) (see [TT| for example). As (/\ V, d) — > (S7(A), d) is a quasi-isomorphism, 
(A V u , d) {n(X) n , d) is also. ThusJA W, d) is the orbifold minimal model of X. 

For the second item, triangulate X in such a way that the orbifolds points are vertices of 
the triangulation. The algebra of piecewise polynomial differential forms is quasi-isomorphic 
to the algebra (£l* PS (X),d) of piecewise smooth differential forms [19]. Now the natural map 
(Tl k (X),d) -> (n* PS (X),d) is a quasi-isomorphism since H*(Q k (X),d) H*(X) U H*{X). So 
the minimal model of X is also (/\ W, d). □ 



3 A nilmanifold of dimension 6 

Let G be the simply connected nilpotent Lie group of dimension 6 defined by the structure 
equations 

dpi = 0, i = l,2 
/ 4 n dji = 0, i = l,2 

dr)i = -Pi A 7i + /3 2 A 7i + /3i A 72 + 2/3 2 A 72, 
dn 2 = 2fii A 71 + /3 2 A 71 + /?i A 72 - /3 2 A 72, 

where {/3j,7i,ryj; 1 < i < 2} is a basis of the left invariant 1-forms on G. Because the structure 
constants are rational numbers, Mal'cev theorem [23] implies the existence of a discrete subgroup 
r of G such that the quotient space ./V = T\G is compact. 

Using Nomizu theorem [30] we can compute the real cohomology of N. We get 

H°(N) = (1), 

h\n) = mMMM), 

H 2 (N) = ([/?i A fo], [A A 71], [/3i A 72], [71 A 72], [f3i A J)2 - ft A rji], [71 A 7? 2 - 72 A r/i], 

[Pi A 771 + 0i A 772 + 02 A 772], [71 A r/i + 71 A 772 + 72 A 772]), 
H 3 (N) = {[p x A A 771], [/3i A & A 7/2], [71 A 72 A 771], [71 A 72 A r/ 2 ], [ft, A 71 A (r?i + 2772)], 
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[ft A 7i A T] 2 - ft A 72 A 771], [ft A 72 A ??i — /3i A 72 A r/ 2 ], [ft A 72 A (r/ 2 + 2r/i)], 
[ft A 72 A 771 - ft A 71 A r/ 2 ], [ft A 71 A r?2 - /3 2 A 71 A 771]), 

F 4 (iV) = ([ft A ft A 71 A 771], [ft A ft A 71 A r/ 2 ], [ft A ft A r/i A %], [ft A 7l A 72 A % ], 
[ft A 71 A 72 A r? 2 ], [71 A 72 A 7?i A r/2], [ft A 72 A r/i A r/ 2 - ft A 71 A 771 A 772], 
[ft A 72 A 771 A 772 + ft A 71 A 771 A 772 + ft A 72 A 771 A 772]), 

F 5 (iV) = ([ft AftA7i A 771 A 772], [ft AftA7 2 A7?i A 772], [ft A 71 A 72 A 771 A 772], 
[ft A 71 A 72 A 771 A 772]), 

H\N) = ([ft AftA 7 i A 72 A 771 A 772]). 

We can give a more explicit description of the group G. As a differ entiable manifold G = IE 
The nilpotent Lie group structure of G is given by the multiplication law 

m : GxG — ► G 

. . ((yi,y2> 4)4)^1)^2)) (yi,y2,zi,22,vi,v 2 )) ^ (yi + yi,y 2 + y 2 ,^i + 4,^ + 4, 

(5) 



+ t>i + (yi - y 2 )^i - (yi + 2^2)^2, 
v 2 + v' 2 - {2y , l + y' 2 )z 1 + (y 2 - ^)z 2 ) . 



We also need a discrete subgroup, which it could be taken to be Z 6 C G. However, for later 
convenience, we shall take the subgroup 

r = {(yi,y2,zi,z 2 ,v 1 ,v 2 ) £'L & \v l =v 2 (mod 3)} C G, 

and define the nilmanifold 

N = T\G . 

In terms of a (global) system of coordinates (yi,y 2 , z\, z 2 ,vi,v 2 ) for G, the 1-forms ft, 7$ and 
rji, 1 < 2 < 2, are given by 

ft = dj/i, 1 < i < 2, 

7, = dzi, 1 < i < 2, 

771 = dui - y\dz\ + y 2 dzi + y 1 dz 2 + 2y 2 dz 2 , 

772 = dv 2 + 2yidzi + y 2 dzi + yidz 2 - y 2 dz 2 . 

Note that TV" is a principal torus bundle 

T 2 = Z((l, 1), (3, 0))\M 2 iV — ► T 4 = Z 4 \M 4 , 

with the projection (yi , y 2 , z\ , z 2 , vi , v 2 ) h-> (yi , y 2 , z\ , z 2 ) ■ 

The Lie group G can be also described as follows. Consider the basis {/Xj, i/j, 0$; 1 < z < 2} 
of the left invariant 1-forms on G given by 

ft) 



Ml 


— ft + 2 ft> 


fJ-2 


= ft + 




= 7i + 9 72, 




= 71 + 


01 


2 2 1 

= + 


e 2 


= V2- 



2 

1 - ^3 
— n — 72 
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Hence, the structure equations can be rewritten as 
(6) 



dfH = 0, 1 < i < 2, 
dvi = 0, 1 < i < 2, 

= A*i A fi — A*2 A ^2, 
d# 2 = Ml A ^2 + ^2 A V\. 



This means that G is the complex Heisenberg group He, that is, the complex nilpotent Lie 
group of complex matrices of the form 




In fact, in terms of the natural (complex) coordinate functions (1x1,1*2,1*3) on He, we have that 
the complex 1 -forms 

= dui, v = du2, = du3 — u 2 du\ 

are left invariant and dfi = dv = 0, d9 = [i A v. Now, it is enough to take fj,% = Re(/i), 
\i 2 = Im (//), v\ = Re(i/), = Im (1/), #1 = Re(0), 62 = Im (0) to recover equations ([6]). 

Lemma 3.1 Let A C C be the lattice generated by 1 and £ = e 27ri//3 , and consider the discrete 
subgroup Th C flc formed by the matrices in which u\,u 2 ,it3 £ A. T/ien t/iere is a natural 
identification of N = T\G with the quotient Tn\He- 

Proof We have constructed above an isomorphism of Lie groups G — > He, whose explicit 
equations are 

(yi,y2,zi,z 2 ,v 1 ,v 2 ) h-> (ui,u 2 ,u 3 ), 



where 



( 1 1 + ^ 1 , - ( , i-v^ 1 
-"l = I 2/1 H 2 — 2/2 I + M 2/H 2 — 2/2 J ' 

/ 1 + V3 \ .( l-\/3 \ 

U2 = I 2l H Z 2 I + ? I Zl H Z2 I , 

u 3 = —= (2«i + t; 2 + 3ziy 2 + 3z 2 2/i + 3z 2 2/2) + « («2 + 2ziyi + z 2 yi + ziy 2 - Z2y 2 ) 

Note that the formula for U3 can be deduced from 

/ 2 1 \ 

du 3 - u 2 dui = 8=1 —=rji H — —n 2 ) + ir]2 ■ 



.V3 ' 

Now the group T C G corresponds under this isomorphism to 

«2, «3)|wi 3 w 2 6 Z ^1 + i, 1 + 2^~ y '"3 e2 (2^3, V3 + ? 
Using the isomorphism of Lie groups He — ► i?c given by 



(«l,tt2,tt3) i-> (u'l, 1*2^3) 



1 + 1 + t' (1 + i) 2 , 

we get that u^, u' 2 , u' 3 G A = Z(l, 0, which completes the proof. □ 
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Remark 3.2 If we had considered the discrete subgroup Z 6 C G instead of T C G, then we 
would not have obtained the fact u' 3 £ A in the proof of Lemma \3.1l Actually the manifold 
Z 6 \G is not diffeomorphic to N = T\G, as can be proved as in Proposition \3.3\ below. Note that 
N = T\G — » Z 6 \G is a 3 : 1 covering. (However the nilmanifold Z 6 \G could also have been used 
as a starting point to construct a simply connected compact symplectic non-formal 8-manifold 
with the arguments of ffflj.) 

Under the identification N = T\G = Tn\H£, N is a principal torus bundle 

T 2 = A\C ^ N — ► T 4 = A 2 \C 2 , 

via the projection (141,142,1*3) l— > (1*1,1*2)- 

The manifold (Th\Hc) x (A\C) is the 8-dimensional compact nilmanifold M defined in [151 
Section 2]. It is interesting here to compare N with the Iwasawa manifold. Let us recall its 
definition. Let A' C C be the Gaussian integers, i.e., the lattice generated by 1 and i, and 
consider the discrete subgroup Tq C He formed by the matrices in which u\, 1*2, 1*3 £ A'. Then 
the Iwasawa manifold is defined as the quotient jHJ 18. 28) 

TV' = T \H C . 

Note that N' is also a principal torus bundle 

T 2 = A'\C >->N' — > T 4 = (A') 2 \C 2 , 

Proposition 3.3 The fundamental groups tti(N) andni(N') are not isomorphic. In particular, 
N and N' are not diffeomorphic. 

Proof Let us first consider the manifold N. It is a principal torus bundle over T 4 = A 2 \C 2 , the 
action of T 2 = A\C being by translations in the U3 coordinate. The 1-form 6 = du$ — u^dui £ 
1 (A^, C) is a connection 1-form with values in C, the Lie algebra of T 2 . The curvature form 
F = d6 is the lift of the 2-form fj, A v = du\ A du2 € f2 2 (T 4 , C 2 ). The cohomology class defined 
by the curvature is 

[F] e H 2 (T\C) = Rom(H 2 (T\Z),C)- 

The image of this map lies in A C C. Actually, the T 2 = A\C-principal bundles over a space X 
are classified by 

[X,B(A\C)] = [X 1 K(A,2)]=H 2 (X,X), 

and [F] gives the required element classifying N. Since i7fc(T 4 ,Z) = f\ k (A 2 ), we can view 
intrinsically 

[F]GHom(/\V),A). 

To compute [F], consider the basis for Hi(T , Z) given as {e.\ = (1,0), e% = (£, 0),e3 = 
(0, l),e4 = (0, C)}. This basis gives us an isomorphism Hi^T 4 ,^) = A 2 = Z 4 . Then a basis for 
the 2-homology H2{T i , Z) = /\ 2 Z 4 is {e\ A e2, e\ A e%, e\ A e<i A 63, ei A 64, e^ A e^}. Also use 
the basis {1,C} for A. We compute [F] G H 2 (T A ,A) = Hom(/\ 2 (A 2 ), A) ^ Hom(A 2 (Z 4 ), Z) in 
terms of these bases: 

[i r ](eiAe 2 ) = [ F 

J eiAe2 

[F](ei A e 3 ) = I F 

J eiAe3 

9 



du\ A di*2 = 0, 



uiS(A\C), m 2 =0 



diti A d«2 



«l=il,M2=<2, 0<*1,*2<1 



1 /■! 



JO 



dt\dti = 1, 



[F](eiAe 4 ) = / F = f du\ A du 2 = [ [ (dt 1 dt 2 = (, 

JeiAet Jui=ti,U' 2 =t2C, 0<ti,t 2 <l Jo Jo 

[F](e 2 Ae 3 ) = / F=f du x A du 2 = [ [ (dt 1 dt 2 = (, 

Je 2 Ae 3 J Ui=tiC,u 2 =*2, 0<*i,t 2 <l JO Jo 

[F](e 2 Ae 4 ) = f F= f du\ A du 2 = f [ C 2 dt x dt 2 = ( 2 = -1 - C, 

Je 2 Ae 4 Ju 1 =t 1 (,u 2 =t 2 (, 0<ti,t 2 <l Jo J 



[F] (e 3 A e 4 ) = / F = / d«i A du 2 = 0. 

Je 3 Ae 4 Jui=0, u 2 £(A\C) 



In terms of the given bases, [-F] is the matrix 
(7) [F] - 



10 0-10 
11-10 

We can similarly work out the case of the Iwasawa manifold N' . Again it is a principal 
T 2 -torus bundle over T 4 , where T 2 = A'\C and T 4 = (A') 2 \C 2 . Working analogously as before, 
the curvature F' of this principal bundle is F' = du\ A du 2 and the cohomology class [F'] G 
Horn (/\ 2 ((A') 2 ) , A') is computed as follows: consider the basis {ei = (1,0), e 2 = (i,0),es = 
(0, l),e 4 = (0,i)} for Fi(T 4 ,Z) and the basis {l,i} for A. Then 

[F'](ei A e 2 ) = / F = / dtiiA dn 2 = 0, 

Je 1 Ae 2 y«ie(A'\C), u 2 =0 

[F'](eiAe 3 ) = / F = / duiAdu 2 = [ [ dtydt 2 = 1, 

Je 1 Ae 3 J Ul =t lt u 2 =t2, 0<ti,t 2 <l Jo Jo 

[F'](eiAe 4 ) = / F = j duiAdu 2 = j j idt x dt 2 = i, 

J e\Ae± J ui=ti,u 2 =t 2 i, 0<ti,t 2 <l Jo Jo 

[F'](e 2 Ae 3 ) = / F = j duiAdu 2 = j j idt x dt 2 = i, 

J e 2 Ae 3 J ui=tii,u 2 =t 2 , 0<ti,t 2 <l Jo Jo 

[F'](e 2 Ae 4 ) = j F = f duif\du 2 = f f i 2 dhdt 2 = -l, 

Je 2 Ae4 J ui=tii,u 2 =t 2 i, 0<ti,t 2 <l Jo Jo 

[F'](e 3 A e 4 ) = / F= du\ A du 2 = 0. 

Je 3 Ae 4 Ju!=0, n 2 e(A'\C) 



So the corresponding matrix is 
(8) [F'] 



10 0-10 
11 



Since (JT]) and ([5]) are different, the two torus bundles are not isomorphic (as principal bundles 
over T 4 ). Moreover they are not even isomorphic even after an automorphism of the basis, since 
[F] and [F 1 ] are inequivalent under the natural action of GL(4, Z) x GL(2, Z) (by changes of basis 
in the lattices corresponding to base and fiber, respectively). This can be seen by considering 
the intersection pairing Q on /\ 2 Z 4 x /\ 2 Z 4 — > /\ 4 Z 4 = Z (well-defined modulo sign) and 
looking at the determinant of the image lattice of [F] and [F'], respectively. As Im [F] = 
{(0,1, 0,0, -1,0), (0,0, 1,1,-1,0)} and Im [F'] = {(0, 1, 0, 0, -1, 0), (0, 0, 1, 1, 0, 0)}, then 



det(Q| Im[F] ) =det 2) = 3 
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and 

det(Q| Im[F/] ) = det 2) = 4 ' 

A relevant point here is that the fundamental group can be read off from the classifying 
cohomology class. For instance, the fundamental group of N is an extension 

A = vri(T 2 ) -> T H = m(N) -» A 2 = vri(T 4 ) 

and this is determined by the commutator bracket 

[ , ] : A 2 x A 2 — > A, 

which in turn coincides with the linear map [F]. Note that for N, 7Ti(T 2 ) is exactly the center 
of ni(N). This holds since [F] = [ , ] is non-degenerate. This means that 7Ti(T 2 ) and ir\(T ) are 
univocally determined by tti(N). Hence the orbit of [F] under GL(4,Z)xGL(2,Z) determines the 
fundamental group tvi(N). A similar fact happens for tti(N') = Tq. Therefore, ni(N) 9= iri(N'), 
and N and N' are not diffeomorphic. □ 



4 Quotient of a nilmanifold by a Z3-action 

We define the 8-dimensional compact nilmanifold M as the product 

M = T 2 x N. 

By Lemma [3.11 there is an isomorphism between M and the manifold (Th\Hq) x (A\C) studied 
in |15[ Section 2] (we have to send the factor T 2 of M to the factor A\C). Clearly, M is a 
principal torus bundle 

T 2 <^-> M T 6 . 

Let (x\,X2) be the Lie algebra coordinates for T 2 , so that {x\,X2,y\,y2i z\, Z2, v\, V2) are coordi- 
nates for the Lie algebra E? x G of M. Then tt(x\, X2,yi,y2, Zi, 22, Vi, U2) = %2,yi,y2, Zi, 22). 
A basis for the left invariant (closed) 1-forms on T 2 is given as {01,02}) where a.\ = dx\ and 
«2 = dx2- Then fy, 7», 77^; 1 < z < 2} constitutes a (global) basis for the left invariant 
1-forms on M. Note that {ai,Pi,ji; 1 < i < 2} is a basis for the left invariant closed 1-forms 
on the base T 6 . (We use the same notation for the differential forms on T 6 and their pullbacks 
to M.) Using the computation of the cohomology of N, we get that the Betti numbers of M 
are: b (M) = b s (M) = 1, h(M) = b 7 (M) = 6, b 2 (M) = b 6 {M) = 17, b 3 (M) = b 5 (M) = 30, 
&4(M) = 36. In particular, x(M) = 0, as for any nilmanifold. 

Let us now write the minimal model of the nilmanifold M. Nomizu's theorem [30j gives that 
the minimal model of M is the differential graded commutative algebra 

(f\W,d) = (f\(ai,a2,b 1 ,b 2 ,ci,C2,e 1 ,e 2 ),d), 

whose generators a^, 6j, Cj and e^, 1 < i < 2, have degree 1, the differential d is given by 

dcij = dbi = dci = 0, 1 < i < 2, 

tfei = -61 • ci + 6 2 • ci + h ■ c 2 + 26 2 • c 2 , 

de 2 = 2bi ■ ci + b 2 ■ ci + bi ■ c 2 - b 2 ■ c 2 , 
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and the morphism <j>: (/\(aj, 6j, q, ej), d) — > (f2(M), cQ, inducing an isomorphism on cohomology, 
is defined by </>(oj) = Oj, </>(i>i) = ft, </>(cj) = 7j, </>(ej) = rji, for 1 < i < 2, where (f2(M),d) 
denotes the de Rham complex of differential forms on M. 

Consider the action of the finite group Z3 on M 2 given by 

p(xi,x 2 ) = (-xi - X 2 ,Xl), 

for (x\,x 2 ) € K 2 , p being the generator of Z3. Clearly /?(Z 2 ) = Z 2 , and so p defines an action 
of Z 3 on the 2-torus T 2 = Z 2 \M 2 with 3 fixed points: (0,0), (|,|) and (|,|). The quotient 
space T 2 /Z3 is the orbifold 2-sphere S 2 with 3 points of multiplicity 3. Let x\, x 2 denote the 
natural coordinates functions on M 2 . Then the 1-forms dx\, dx 2 satisfy p*{dx\) = —dx\ — dx 2 
and p*(dx 2 ) = dxi, hence p*(—dx\ — dx 2 ) = dx 2 . Thus, we can take the 1-forms a\ and a 2 on 
T 2 such that 

(9) = — ol\ — a 2 , p*(a 2 ) = a\. 

We denote by A the 2-dimensional representation of Z3 given by 

Z 3 — ► GL(2,M) 

' " ( "i 1 "o 1 ) 

Then the cohomology group ff 1 (T 2 ) = A, as Z3-representations. 

It is easy to see the following isomorphisms of representations |16j : 

(11) AAA^l, AgA^KeKeA 

where R denotes the trivial 1-dimensional representation. 

Define the following action of Z3 on M, given, at the level of Lie groups, by p: t 2 xl 6 — > 
M 2 x M 6 , 

P(xi,x 2 ,y 1 ,y 2 , Z!, z 2 ,V!,v 2 ) = {-xi -x 2 ,xi,-yi -y 2 ,yi,-z 1 -z 2 ,z Xl -vi -v 2 ,v 1 ). 

Note that m(p(p'), pip)) = p(m(p',p)), for all p,p' £ G, where m is the multiplication map ([5]) 
for G. Also r C G is stable by p since 

= v 2 (mod 3) =>- —v\ — v 2 = v\ (mod 3). 

Therefore there is a induced map p: M — > M, and this covers the action p : T 6 —>■ T 6 on the 
6-torus T 6 = T 2 x T 2 x T 2 (defined as the action p on each of the three factors simultaneously) . 
The action of p on the fiber T 2 = Z((l, 1), (3, 0)) has also 3 fixed points: (0, 0), (1, 0) and (2, 0). 
Hence there are 3 4 = 81 fixed points on M. 

Remark 4.1 Under the isomorphism M = (Th\Hc) x (A\C), we have that the action of p 
becomes p(ui,u 2 ,u 3 ) = ((u\, (u 2 , C u 3)> where ( = e 2m ^ . Composing the isomorphism of Lemma 
\3.1\ with the conjugation (u±, u 2 , 1*3) 1— > (v\,V2,v$) = (ui,u 2 ,uz) (which is an isomorphism of 
Lie groups Hq — > Hq leaving Th invariant), we have that the action of p becomes p(v\, v 2 , V3) = 
(C^i, C v 2, C 2 ^)- This is the action used in |i5| /. 

We take the basis {c^, ft, 7,, 77,; 1 < i < 2} of the 1-forms on M considered above. The 
1-forms dyi, dzi, dvi, 1 < i < 2, on G satisfy the following conditions similar to ([9]): p*{dy\) = 

12 



(10) 



-dyi - dy 2 , p*{dy 2 ) 
p*(dv 2 ) = dv\. So 

(12) 



dyx, p*{dz{) 

P*(ai) = 
P*(Pi) = 
P*(7i) = 
P*(m) = 



-dz\ — dz 2 , p*(dz 2 ) = dz\, p*{dv\) = —dv\ — dv : 



2, 



-OL\ 

-Pi- 

-7i " 

-7/1 - 



" «2, 
■02, 
72, 

m, 



p*(a 2 ) 
P*(fo) 

P*{l2) 

P*(m) 



'- ai, 
Pi, 
7i, 



Remark 4.2 1/ u>e define the 1 -forms «3 = —a.\ 
r]3 = —rji — r] 2 , then we have p*{a\) = 03, p*(a 2 ) 
others. 



"2, p\ = ~Pi - P2, 73 = -71 - 72 and 
ai, p*{a^) = a 2 , and analogously for the 



Note that there is also a ^-action on the minimal model (/\ W, d) of M defined analogously 
to (I12p . As Z3-representations, we have an isomorphism W = A 4 . This gives, using (jlip . the 
following decomposition of the minimal model as ^-representation: 



(13) 



(A^) 1 




^4 4 , 






rsj 




3 A 6 , 


(A^) 3 






)A 2 \ 


(A WO 4 


rsj 


M 36 


3) A 17 , 


(A^) 5 






)A 2 \ 


(A^) 6 


r\_i 




© A 6 , 






A\ 




(A wf 




R. 





Define the quotient space 

M = M/Z 3 , 

and denote by </j : M — > M the projection. It is an orbifold, but we can compute the rational 
homotopy type of the underlying topological manifold using Lemma 12.71 A model for M is 
given by the Z3-invariant part ((/\ W) Z:i , d) of the minimal model of M. This corresponds to 
the R-factors of (|13p . Since (/\ W) 1 = W = A 4 , the invariant part W^ 3 is zero. This means that 
the first stage of the minimal model of M is zero and hence b\ (M) = 0. This was the starting 
point that led us to consider the equations (jlj) to define M. 

One can compute explicitly the differential d : ((A W) 1 ) 1 " 3 — ► ((A W) l+1 ) Z3 to get the coho- 
mology of M. For instance, 

H l (M) = 0, 

H 2 {M) = ([ai Aa 2 ], [ai A P 2 - a 2 A Pi), [ai A Pi + ai A fa + a 2 A fa], 

[at A 72 - a 2 A 71], [at A 71 + a x A 72 + a 2 A 72], A /3 2 ], [ft A 72 - fa A 71], 
A 71 + Px A 72 + /% A 72], [Pi A r/2 - fa A r/i], [ft A 771 + ft A r/ 2 + #2 A r/ 2 ], 
[7l A 72], [71 A r] 2 - 72 A 771], [71 A 7/1 + 71 A 772 + 72 A 772]), 

H 3 (M) = 0. 

Remark 4.3 The Euler characteristic of M can be computed via the formula for finite group 
action quotients: let II be the cyclic group of order n, acting on a space X almost freely. Then 

„x/n)4„x) + E(i-^), 

where Ii p C II is the isotropy group of p G X. In our case x(M) = ~x(M) + 81(1 — |) = 54. 
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Using this remark and the previous calculation, we get that &i(M) = b 7 (M) = 0, b2(M) = 
h(M) = 13, b 3 (M) = b 5 (M) = and h(M) = 26. Note that M satisfies Poincare duality since 

H*(M) = H*(Mf z 

and H*(M) satisfies Poincare duality. 
Proposition 4.4 M is simply connected. 

Proof Let po G M be a fixed point of the Z3-action and let po = ip(po). There is (see [5]) an 
epimorphism of fundamental groups 

T = 1T 1 (M,po) -»7Ti(M,po). 

This holds since every path in M can be lifted to M, in an unique way as long as it does not 
touch a singular point, an in three different ways when it does. 

Since the nilmanifold M is a principal torus bundle over the 6-torus T 6 , we have 

i? ^ r -» z 6 . 

Consider po G M a fixed point of the Z3-action and po = ir(po), where tt: M — ► T 6 is the 
projection of the torus bundle. Then Z3 acts on vr _1 (po) — T 2 , and the restriction to Z 2 of 
the map r — » 7Ti (M) factors through 7n(T 2 /Z 3 ) = {1}. So, the map r —» tvi(M) factors also 
through the quotient, Z 6 — » 7Ti(M). But M contains three 2-tori, Ti, T2 and T3, which are the 
images of {(x 1 ,x 2 , 0, 0, 0, 0, 0, 0)}, {(0, 0, y 1} y 2 , 0, 0, 0, 0)} and {(0, 0, 0, 0, z x , z 2 , 0, 0)}, and m(M) 
is generated by the images of 7Ti(Ti), ^1(^2) and tt\{T 3 ). Clearly, Z3 acts in the standard way 
on each Tj. Therefore tt\{M) is generated by TTiiTi/Z^) = {1}, which proves that tti(M) = {1}. 
□ 



5 Non-formality of the quotient orbifold 

Now we want to prove the non-formality of the orbifold M constructed in the previous section. 
By the results of [211 134] . M is non- formal since it is a nilmanifold which is not a torus. We 
shall see that this property is inherited by the quotient space M = M/Z3. For this, we study 
the Massey products on M. 

Lemma 5.1 M has a non-trivial Massey product if and only if M has a non-trivial Massey 
product with all cohomology classes a% G H*(M) being Z^-invariant cohomology classes. 

Proof We shall do the case of triple Massey products, since the general case is similar. Suppose 
that (01,02,03), Oj G H Pi (M), 1 < i < 3 is a non-trivial Massey product on M. Let Oj = [aj], 
where aj G fi*(M). We pull-back the cohomology classes a, via ip* : VL*{M) — > fT(M) to get a 
Massey product ([y>*ai], [^7*02], [y*a3]). Suppose that this is trivial on M, then tp*ai A (p*a 2 = 
d£, (p*a 2 A p*a 3 = dn, with G Q*(M), and (/?*ai A r? + (-1) P1+1 £ A (/?*a 3 = df . Then 
,7= ( r? + /9 * 7? + ( p *)2 7? )/3 5 f = (f + p*^ + (p*) 2 ^)/3 and / = (/ + p* V + (p*) 2 r])/3 are Z 3 -invariant 
and <f*ai Afj+ (-1)P 1+1 | A v?*a 3 = df. 

Conversely, suppose that (01,02,03), Oj G H Pi (M) Z3 , 1 < i < 3, is a non-trivial Massey 
product on M. Then we can represent Oj = [ai\ by Z3-invariant differential forms a, G f2 Pi (M). 
Let &i be the induced form on M. Then ([di], [02], [03]) is a non-trivial Massey product on 
M. For if it were trivial then pulling-back by cp, we would get G (</?*[di], yj*[d2], 93* [A3]) = 
(01,02,03). □ 



14 



Remark 5.2 As M is a nilmanifold which is not a torus, by 11131 Lemma 2.6], it is not 1- 
formal. On the other hand, M is simply connected by Proposition ^. 4\ an d hence it is 2 -formal. 
By the results of ]13^ . since M is of dimension 8, the only possibility that it be non-formal is not 
to be ^-formal. This means that we have to compute the minimal model up to degree 3, which 
is a lengthy task, given that b 2 (M) = 13 is quite large. Therefore it is more convenient to find 
a suitable non-trivial Massey product. 

In our case, all the triple and quintuple Massey products on M are trivial. For instance, 
for a Massey product of the form (01,02,03), all aj should have even degree, since H 1 (M) = 
H 3 (M) = H 5 (M) = H 7 (M) = 0. Therefore the degree of the cohomology classes in (ai, 02, 03) 
is odd, hence they are zero. 

Since the dimension of M is 8, there is no room for sextuple Massey products or higher, since 
the degree of (0,1,0%, ■ ■ ■ , a s ) is at least s + 2, as degaj > 2. For s = 6, a sextuple Massey product 
of cohomology classes of degree 2 would live in the top degree cohomology. For computing an 
element of (a\, . . . ,a§), we have to choose on j in ([I]). But then adding a closed form (ft with 
a\ U [(f)] = X[M] E H 8 (M) to 02,6 we can get another element of (a%, . . . , oq) which is the previous 
one plus A[M]. For suitable A the we get G (a\, . . . , a%). 

The only possibility for checking the non-formality of M via Massey products is to get a 
non-trivial quadruple Massey product. 

^From now on, we will denote by the same symbol a ^-invariant form on M and that induced 
on M. Notice that the 2 forms 71 A 72, f3\ A and a\ A 71 + cti A 71 + 02 A 72 are Z3-invariant 
forms on M, hence they descend to the quotient M = M/Z3. We have the following: 

Proposition 5.3 The quadruple Massey product 

([71 A 72], {fa A /3 2 ), [Pi A f3 2 ], [ai A 71 + a 2 A 71 + a 2 A 72]) 

is non-trivial on M . Therefore, the space M is non-formal. 

Proof First we see that 

(71 A 72) A A fo) = d£, 
A P2) A (ai A 71 + a 2 A 71 + a 2 A 72) = cfc, 

where £ and ? are the differential 3-forms on M given by 
1 

£ = -~(7i A(/3i A 772 + /?2 A r/2 + /? 2 Ar/i) +72 A Arj 2 +Pi K rfr + A Th)) , 
b 

? = -(-c*i A (772 Api + m Api + rfr A /3 2 ) + «2 A (7/2 AP2-V1 A/3i)). 

Therefore, the triple Massey products ([71 A 72], [/3j A /3 2 ], A /3 2 ]} and ([/3i A f3 2 ], [Pi A (5 2 ), [a\ A 
71 + a 2 A 71 + «2 A 72]) are defined, and they are trivial because all the (triple) Massey products 
on M are trivial. (Notice that the forms £ and ? are ^-invariant on M and so descend to M.) 
Therefore, the quadruple Massey product ([71 A72], [Pi Af3 2 ], [PiAp 2 ], [a\ A7i+«2 Aji+a 2 A 72]) is 
defined on M. Moreover, it is trivial on M if and only if there are differential forms fa £ 3 (M), 
1 < i < 3, and gj G fi 4 (M), 1 < j < 2, such that 

(71 A 72) A (Pi Ap 2 ) =d(£ + /l), 
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(Pi A fa) A (ft A /3 2 ) = # 2 , 

A /3 2 ) A (ai A 7i + a 2 A 7i + a 2 A 72) = dfc + / 3 ), 
(7i A 72) A / 2 - (f + /1) A (/?i A = 

(Pi A /3 2 ) A (? + / 3 ) - / 2 A (ai A 71 + a 2 A 71 + a 2 A 7 2 ) = d# 2 , 

and the 6-form given by 

* = -(71 A 72) A # 2 - 51 A (ai A 71 + a 2 A 71 + a 2 A 72) + (£ + /1) A (? + / 3 ) 

defines the zero class in H e (M). Clearly fi, / 2 and / 3 are closed 3-forms. Since H 3 (M) = 0, we 
can write f± = df[, / 2 = df 2 and / 3 = d/3 for some differential 2-forms /{, f 2 and f% G 2 (M). 
Now, multiplying [^] by the cohomology class [a] G H 2 (M), where a = 2a\ A 7 2 — a 2 A 71 + 
«i A 71 + a 2 A 7 2 we get 

0" A ^ = --(m A a 2 A Pi A #2 A 71 A72 A rji A 7/2) + d(<r A £ A / 3 + <x A A /( + cr A f[ A d/ 3 ). 

Hence, [2ai A7 2 — a 2 A7i+ai A7i+a 2 A7 2 ]U [^] 7^ 0, which implies that [vl/] is non-zero in H 6 (M). 
This proves that the Massey product ([71 A 72], [Pi A /3 2 ], A P2], [ai A 71 + 02 A 71 + a 2 A 72]) 
is non-trivial, and so M is non-formal. □ 

Let us see that M is non- formal by proving that it has a non-zero G-Massey product. 

Proposition 5.4 Consider the following closed 2-forms on M 

■d = P1AP2, ti = 2aiA7 2 -a 2 A7i+aiA7i+a 2 A7 2 , r 2 = 7iA7 2 , r 3 = ai A7i+a 2 A7i+a 2 A7 2 . 
Then the G-Massey product ([$]; [n], [r 2 ], [r 3 ]) is non-trivial on M . 
Proof A direct calculation shows that 

■d A Ti = dn, i)Ar 2 =(^, ?? A r 3 = efc, 
where £ and ^ are the 3-forms given in the proof of Proposition 15.31 an d k is the 3-form 

k = -{p.1 A Pi A i]i — ai A Pi A t]2 — ai A /3 2 A i]i — 2a\ A /3 2 A r/ 2 
3 

-a 2 A /3i A 771 - 2a 2 A /3i A t? 2 - 2a 2 A /3 2 A r/i - a 2 A /3 2 A r/ 2 ). 

We know that the forms £ and ? are Z 3 -invariant on M, and one can check that the form 
k is also. The G-Massey product ([$]; [ti], [r 2 ], [r 3 ]) is defined. As H 3 (M) = 0, we have that 
W = in Lemma [2T3| so ([$]; [tl], [r 2 ], [r 3 ]) consists of one element. This is 



4 

■-(ai A a 2 A Pi A /? 2 A 71 A 7 2 A 771 A r/ 2 ) 



G H (M), 

which is non-zero. So ([$]; [ti], [r 2 ], [r 3 ]} is non-trivial. □ 
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6 Symplectic resolution of singularities 



In this section we resolve symplectically the singularities of M to produce a smooth symplectic 
8-manifold M which is simply connected and non-formal. For this, we need the two following 
results: 

Proposition 6.1 The 2-form to on M defined by 

w = «i A «2 + % A ft - Jji A ft + 7i A 72 

is a ^-invariant symplectic form on M. Therefore it induces u) G £l 2 (M), such that (M, Q) is 
a symplectic orbifold. 

Proof Clearly to 4 / 0. Using (TT2]) we have that p*(u) = (-ax - a 2 ) Aai + i)iA (-ft - ft) + 
(771 + 772) A ft + (—71 — 72) A 71 = to, so u> is ^-invariant. Finally 

duj = drj 2 A ft - drji A ft = (ft A 71 - ft A 72) A ft - (-ft A 71 + ft A 72) A ft = 0. 

□ 

Lemma 6.2 Ze£ p G M be a fixed point of the Z^-action. Then there exists a system of complex 
coordinates {w\, W2,W3,w^) around p such that the symplectic form uo defined in Proposition \6.1\ 
can be expressed as 

lo = i(dw\ A dw\ + dw2 A dw2 + dw^ A dw^ + dw^ A dw4). 
Moreover, with respect to these coordinates, the TL^-action p on M is given as 

p(w 1 ,W2,W 3 ,W i ) = (( 2 Wi,( 2 W2,('W3,( 2 W4), 

where Q = e 3 . 

Proof Let p G M be a fixed point of the Z3-action. Let g G G be a group element taking p 
to the point po = (0, . . . , 0) G M. Writing m g = m(g, •), we have that p o m 9 = m p r g \ o p, so 
that Tn p ( g )(p) = p(m g (p)) = /o(po) = Po = Wgip), therefore coincides with g modulo T, and 
hence p o m g = m g o p on M. So we may suppose that the fixed point is p = Pq. 

The coordinates for G yield coordinates (x±, X2, yi, 2/2 > #i> ^2, Uij ^2) for M in a ball B around 
Pq in which po is mapped to the origin. The symplectic form u> at the point po is 

u>o = dx± A cfcc2 + dv2 A cfa/i — dv\ A <iy2 + <fei A dz2- 

Take now Z3-equivariant Darboux coordinates $: (B,ui) — ► (i? C 4(0, e), wo), for some e > 0. 
This means that o dp po = p o $ and <£*wo = The proof of the existence of usual Darboux 
coordinates in [27\ pp. 91-93] carry over to this case, only being careful that all the objects 
constructed should be Z3-equivariant. 

In terms of the complex coordinates x = x\ + ix%, y = yi + iyz, z = z\ + 12%, v = v\ + if 2 of 
C 4 , the form oj is written as 

uj = i(dx A dx + dv A dy + dy A dv + dz A dz). 
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Now, we define the functions u = -^(v + y) and w = ~^(v — y)- Since dv A dy + dy A dv = 
du Adu — dw A dw, the symplectic form u is expressed as 

uj = i(dx A dx + du A du — dw A dw + dz A ciz). 

Consider new complex functions x' = x\ + ix' 2 , v! = u'i + ut 2 , w' = w[ + iw^ and z' = z[ + iz 2 , 
where 

{Xi = Xi - tjX 2 , x' 2 = — ^X2, J w[ =Wl — \lV2i w' 2 = -^W2, 

u[ =Ui~ \lL2, u' 2 = - y 2 ^U2, \ z[ = Z\ — \Z2, z' 2 = -^Z 2 - 



So, 



p(x',u',w',z') = ((x',(u',(w',(z), 



2tti 



with ( = e 3 (by using that p corresponds to the matrix in (|10p for the coordinates x, u, w, z). 
Since dx' A dx' = =1 ^-dx Adx, we have 

2i 

oj = i=(dx A dx' + du A du' - dw' A dw' + dz' A dz'). 

Finally, the set of coordinates (wi, W2, W3, w^) = iJ~-^=(x' , u' , u/ , z') gives the desired result. □ 

Next, we see how it is possible to desingularize the space M. We use the following result 
which is |15l Lemma 2.2]. 

Lemma 6.3 Let (B,ujq) be the standard Kahler ball in C n , n > 1, and let II be a finite group 
acting linearly (by complex isometrics) on B whose only fixed point is the origin. Let <j) : 
(B,uji) — * (B/H,u>o) be a Kahler resolution of the singularity of the quotient. Then there is a 
Kahler form on B such that it coincides with ljq near the boundary, and with a positive multiple 
of ' u)\ near the exceptional divisor E = <p~ 1 (0). □ 

Theorem 6.4 There is a smooth compact symplectic manifold (M, uj) which is isomorphic to 
(M, cD) outside the singular points. 

Proof Let p be a fixed point of the ^-action. By Lemma f6.2l we have a Kahler model for a neigh- 
bourhood B of p, where the action is of the form (w±,W2,W3, w±) 1— ► (C 2 ^i> ( 2 W2, (w^, C 2 ^)- We 
may resolve the singularity of B/Z3 with a Kahler model. We do the resolution of singularities 
via iterated blow-ups as it is a standard procedure for algebraic manifolds. 

Blow up B at p to get B. This replaces the point p by a complex projective space F = P 3 
in which Z3 acts as 

[wi,W2,W 3 ,Wi] H-> [C 2 ^l,C 2 ^2,C^3,C 2 ^4] = [Wl, W 2 ,( 2 W 3 , W4}. 

Therefore there are two components of the fix-point locus of the Z3-action on B, namely the point 
q = [0,0, 1,0] and the complex projective plane H = {[wi, W2, 0, W4]} C F = P 3 . Next blow up 

B at q and at H to get B. The point q is substituted by a projective space Hi = P 3 . The normal 
bundle of H C B is the sum of the normal bundle of H C F, which is 0p2(l), and the restriction 
of the normal bundle of F C B to H, which is Ops(— l)|p2 = Op2( — 1). Therefore the second 
blow-up replaces the plane H by the P 1 -bundle over P 2 defined as H 2 = P(Op 2 (-l) © O p2 (l)). 
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The strict transform of F C B under the second blow-up is the blow up F of F = P 3 at q, which 
is a Pi-bundle over P 2 , actually F = P(O p2 © O p2 (1)). 

The fix-point locus of the Z3-action on B consists of the two disjoint divisors Hi and H2. 

Therefore the quotient B jl? is a smooth Kahler manifold [U page 82]. This provides a symplectic 
resolution of the singularity -B/Z3. To glue this Kahler model to the symplectic form in the 
complement of the singular point using Lemma 16.31 We do this at every fixed point to get a 
smooth symplectic resolution of M. □ 

Theorem 6.5 The manifold M is non- formal. 

Proof All the forms of the proof of either Proposition 15.31 or Proposition 15.41 can be defined on 
the resolution M as follows: take a Z3-equivariant map ift : M — > M which is the identity outside 
small balls around the fixed points, and contracts smaller balls onto the fixed points. Substitute 
the forms Tj, n, £, . . . by ip* r &, ip*Ti, ip*K, V*£> ■ ■ ■ Then the corresponding elements in the 
quadruple Massey product or the G-Massey product are non-zero, but^ these forms are zero in 
a neighbourhood of the fixed points. Therefore they define forms on M, by extending them by 
zero. □ 

Theorem 6.6 The manifold M is simply connected. 

Proof We have already seen in Proposition 14.41 that M is simply connected. The resolution 
M — > M consists of substituting, for each singular point p, a neighbourhood B/Z3 of it by the 

non-singular model -B/Z3. The fiber over the origin of — * B/Z3 is simply connected: it 
consists of the union of the three divisors Hi = P 3 , H 2 = P(0pa(— 1) © 0$a(l)) and F/Z 3 = 
P((Dp2 © P 2(3)), all of them are simply connected spaces, and their intersection pattern forms 
no cycles. A Seifert-Van Kampen argument proves that M is simply connected. □ 

Remark 6.7 The second Betti number of M increases in 3 by a desingularisation of a fixed 
point. As there are 81 fixed points, we have b 2 {M) = b 2 {M) + 81 • 3 = 256. This makes very 
difficult to write down the minimal model of M up to degree 3 to check non- formality. 

Remark 6.8 The symplectic orbifold (M,cD) is not hard Lefschetz: consider the TL-^-invariant 
forms 0i A (3 2 and ai A a 2 A £ on M , where £ is the 3-form given in the proof of Proposition 
15.51 As they are ^-invariant forms, they descend to M. But then 

u? A {fii A j3 2 ) = ai A a 2 A /3i A /3 2 A 71 A 72 = d{a\ A a 2 A £), 

which means that the map [oj] 2 : H 2 (M) — > H e (M) is not a monomorphism. These forms can 
be extended to M via the process carried out in the proof of Theorem 1 6. 51 Therefore, the map 
[uj] 2 :H 2 (M) -> H 6 (M) is not injective. 

This raises the question of the existence of a non-formal simply connected compact sym- 
plectic 8-manifold satisfying the hard Lefschetz property (Cavalcanti |W has given examples for 
dimensions > 10j. 
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